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We study the competitive irreversible adsorption of a binary mixture of monomers and square-
shaped particles of linear size R on the square lattice. With the random sequential adsorption model,
we investigate how the jamming coverage and percolation properties depend on the size ratio R and
relative flux F . We find that the onset of percolation of monomers is always lower for the binary
mixture than in the case with only monomers (R = 1). Moreover, for values F below a critical
value, the higher is the flux or size of the largest species, the lower is the value of the percolation
threshold for monomers.

I. INTRODUCTION

Random sequential adsorption (RSA) is the classical
model to study the irreversible adsorption of particles on
surfaces. In its simplest version, particles are adsorbed
sequentially and irreversibly at random positions on a
surface without overlapping previously adsorbed ones.
The dynamics leads to a jammed state where no more
particles can adsorb, as there is no more sufficiently large
vacant space available. The model was first introduced
by Flory to describe reactions along long polymer chains
[1]. The first analytical solution for the model on a line
was obtained by Rényi [2].

Over the last decades, numerous extensions of the RSA
model were proposed and studied both analytically and
numerically [3–11]. Despite its simplicity, the model pro-
vides deep insight into experimentally observed phenom-
ena, related to chemisorption on surfaces [12–14], adsorp-
tion on membranes [15], adsorption of colloids [16–19]
and of proteins [20], Rydberg excitation [21], and ion im-
plantation in semiconductors [22]. One of the variants
of the model which still leads to surprising results is the
one focusing on the competitive adsorption of two species
(binary mixture) differing in shape and/or sizes [22–
35], which also includes adsorption in the presence of
quenched defects [36–43]. For example, it has been shown
recently by numerical simulations that the RSA model
does not exhibit its universal critical features at the so-
called jamming and percolation points when such defects
yield strong long-range spatial correlations [44]. Also,
a generalization of the model using specific particle-size
distributions has also been considered, to study the ef-
fect on the structure of the jamming state of polydis-
perse mixtures with uniform [45–47], Gaussian [48–50],

∗ sumanta.kundu@unipd.it
† nmaraujo@fc.ul.pt

and power-law [51, 52].
Motivated by the growing needs to control the mor-

phology of deposit formation, in this paper, we study the
RSA model for a binary mixture of particles on a square
lattice. Specifically, we consider a mixture of monomers
and square-shaped particles all interacting through ex-
cluded volume. By varying the two model parameters,
namely the aspect ratio and the relative incoming flux,
we investigate the jamming and percolation properties.
We show that the presence of square-shaped particles fa-
vors percolation of monomers in such a way that a clus-
ter of monomers percolates at a density of monomers
which is always lower than the one for the case with only
monomers.

The paper is organized as follows. In section II, we
describe the model. The jamming and percolation prop-
erties are investigated in detail in sections III and IV,
respectively. Finally, we draw some conclusions in sec-
tion V.

II. MODEL

We consider the competitive adsorption of monomers
and R × R particles on the L × L regular square lattice
with periodic boundary conditions in both directions. R
and L are in unit of lattice sites. The particle species
are classified as A (monomers) and B (R2-mers), respec-
tively. A and B particles arrive on the lattice with fluxes
fA and fB, respectively, and we define F = fB/fA as
the relative flux. We consider the Random Sequential
Adsorption (RSA) model, where particles attend adsorp-
tion uniformly at random positions and the adsorption is
only successful if the new particle does not overlap with
previously adsorbed ones. The process of adsorption is
considered irreversible. Thus, the dynamics evolves to-
wards a jammed state where no more particles can ad-
sorb.

At any instant of time t, the surface coverage θi(t) by
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a given species i is defined as the fraction of the surface
area covered by particles of that species, i.e.,

θi(t) =
Ni(t)r

2
i

L2
, (1)

where, Ni is the number of particles of species i on the
surface at time t and ri is their linear length. In general,
θi(t) depends both on the aspect ratio R and relative flux
F . Below, these parameters are systematically varied to
study the jamming and percolation transitions.

III. JAMMED STATE PROPERTIES

The jamming coverage θJ,i ≡ θi(t = ∞) of species i
depends both on F and R. For F = 0, only A-particles
adsorb and the RSA model of monomers is recovered.
Thus, θJ,A = 1. In the opposite limit, F = ∞, only B-
particles adsorb and the RSA of k2-mers (for k = R) is
recovered, with θJ,B < 1, for R > 1. For finite F > 0, the
total jamming coverage (θJ,A + θJ,B) is always unitary,
but θJ,A and θJ,B are in general different, with θJ,A =
1−θJ,B. Numerically, for a system size L, once we ensure
that it is no longer possible to adsorb a single particle in
the system, the value of θJ,i is determined using Eq. 1.

In Fig. 1 the dependence of θJ,B on R is shown for four
different values of F . The data points for each value of
F are consistent with the functional form (solid lines):

θJ,B(F,R) = c1 + c2/R+ c3/R
2 , (2)

where c1, c2, and c3 are fitting constants that only de-
pend on F , as proposed in Ref. [53]. The values of the
fitting constants are given in the caption of Fig. 1. It is
noteworthy that c1 = θJ,B(∞,∞) = 0.5621(3) is equal,
within statistical error bars, to the values previously re-
ported for k2-mers [3, 54–56]. By varying system sizes
from 512 to 2048, we also note that the finite-size effect
for θJ,B is negligible.

The monotonic decrease of θJ,B with R can be ex-
plained in the following way. As the aspect ratio R in-
creases, the more sites need to be empty for a new B-
particle to adsorb, while for an A-particle to adsorb is
only necessary to have an empty site. Thus, the larger
is the value of R, the more difficult it is for B-particles
to adsorb, and so θJ,B decreases. Nevertheless, since the
area occupied by a single B-particle also increases with
R, for large values of R, the lower number of B-particles
is compensated by large areas per particle and the slope
of the curve for θJ,B significantly decreases.

To study the jamming transition, as in Ref. [57], we
measured the standard deviation of the jamming cov-
erage ∆(L) = 〈θ2J,B〉 − 〈θJ,B〉2 for different system sizes,
namely, L = 256, 512, 1024, 2048, and 4096. We obtained
the expected power-law decay [57], ∆(L) ∼ L−1/νJ , with
the critical exponent νJ = 1.
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FIG. 1. Jamming coverage of the B-particles θJ,B(F,R)
as a function of the aspect ratio R for fA = 0.000 (cir-
cles), 0.125 (squares), 0.250 (diamonds), and 0.500 (trian-
gles), i.e., F = ∞, 7, 3, and 1, respectively, on a square
lattice of linear length L = 1024. The results are aver-
ages over, at least 2 × 105 independent samples. The data
is fitted (solid curves) with Eq. 2, whose parameters val-
ues are c1 = 0.5621(1), 0.4603(1), 0.4077(1), and 0.3099(1);
c2 = 0.3152(2), 0.3973(2), 0.3272(3), and 0.1962(2); and
c3 = 0.1129(2), 0.0090(3), 0.0284(3), and 0.0102(3), respec-
tively.

IV. PERCOLATION ANALYSIS

A. Percolation properties of the jammed states

In the jammed state, all sites are occupied either by A-
or B-particles. In this section, we address the question
how the percolation properties of the jammed configura-
tion for each particle species depend on the values of F
and R. Hence, we identify and analyze the giant compo-
nent of each particle species i, defined as the largest set
of connected sites occupied by particles of that species.
We consider that species i percolates if the giant com-
ponent spans the lattice. Note that, for a square lattice,
only one species can percolate. For low values of F , when
fA � fB, most adsorbed particles are of species A and
their giant component percolates. As F increases, B-
particles compete with the A-particles. Beyond a critical
value of F > Fc,B and R < 4, it is the B-particles that
percolate [56, 58]. We discuss this in more detail in the
following sections.

Let us start with R = 1, which is just a compet-
itive adsorption of two identical species. Clearly, for
percolation to occur, the coverage of each species i at
the jammed state has to be, at least the percolation
threshold pc for the square lattice [59], i.e., θJ,i ≥ pc =
0.59274605079210(2). One can then define a critical rel-
ative flux Fc,i for each species i, for which θJ,i = pc. For
R = 1, given the symmetry between A- and B-particles,
fi = θJ,i, and since F = fB/fA,{

Fc,A = 0.68706...,

Fc,B = 1.45547....
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FIG. 2. Spanning probability for (a) species A and (b) species
B in the jammed state, as a function of the relative flux F .
The data points are averages over (at least) 107, 1.8 × 106,
and 2× 105 samples for lattices of sizes L = 256 (circles), 512
(squares), and 1024 (triangles), respectively. The insets show
the finite-size scaling plots for the same data.

Our numerically estimated values of Fc,A and Fc,B (de-
tails below) are in good agreement with these values.

For R > 1, the values of Fc,A and Fc,B are estimated
using numerical calculations. For each value of F , once
the jammed state is reached, we identify the clusters of
A- and B-particles separately and use the burning algo-
rithm [60] to verify if any of the two span the lattice, i.e.,
forms a connecting path from top to bottom. Repeating
this procedure for many independent runs, for different
values of L and F , we calculated the spanning proba-
bility ΠA(F,L) and ΠB(F,L) for the species A and B,
respectively.

Figures 2(a) and (b) show the dependence on F of
ΠA(F,L) and ΠB(F,L), for R = 2 and L = 256, 512,
and 1024. The curves cross each other at a specific value
F = Fc,i for each species i. A finite-size scaling analysis
is performed by suitably scaling the abscissa and ordi-
nate to estimate Fc,i in the thermodynamic limit (infi-
nite lattice). More explicitly, the values of Fc,i and 1/ν
are systematically tuned until a good data collapse for
all the curves is observed. In the insets of Fig. 2 we show
the data collapse for all three lattice sizes, suggesting the
scaling,

Πi(F,L) ∼ G[(F − Fc,i)L
1/ν ] (3)
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FIG. 3. For F = ∞, the spanning probability of B-particles
in the jammed state has been plotted against the aspect ratio
R for L = 256 512, and 1024 using at least 8 × 106, 106, and
105 samples, respectively.

for species i, where 1/ν = 0.75 is the correlation length
exponent of the random percolation universality class.
Our best estimates for the critical thresholds for R = 2
are {

Fc,A = 1.909(2),

Fc,B = 3.572(2).

Similarly, for R = 3 we obtain{
Fc,A = 6.346(3),

Fc,B = 12.926(5).

For R ≥ 4 and F < Fc,A we see that only A-particles
percolate. To confirm this, we plot in Fig. 3 the percola-
tion probability ΠB(F,L) as a function of R for F =∞.
It is clear that, even when there are only B-particles
(F = ∞), percolation is only observed for R ≤ 3 [56].
Above that value, ΠB(F,L) vanishes with L and any non-
zero value is just a finite-size effect.

Performing a series of Monte Carlo simulations for dif-
ferent aspect ratios R and relative fluxes F , we obtained
a two-parameter diagram in the F -R plane, as shown in
Fig. 4. The whole plane is divided into three separate re-
gions. The A-species percolates if and only if F < Fc,A.
Similarly, B-species percolates if F > Fc,B and R < 4. In
between, there is a region where neither the A- nor the
B-species percolate. The size of this region depends on
the value of R.

The threshold value of the jamming coverage θJc,i, at
which the jammed configuration of each species perco-
lates depends on the value of the flux F . To estimate the
critical value θJc, we plot Πi as a function of the coverage
θJ,i for each species, obtained for different values of F ,
as shown in Figs. 5 and 6, for R = 2 and R = 3, respec-
tively, and L = 1024. A data collapse is then obtained
for three different system sizes, which is consistent with
the scaling form of Eq. 3 (not shown). For R = 2, we
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FIG. 4. Fraction of percolating samples n for each species
(A in blue, B in red) as a function of the aspect ratio R
and relative flux F . For each pair (R,F ) we performed 103

independent samples on a lattice of size L = 256.
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FIG. 5. Spanning probability Πi(F,L) for species i as a func-
tion of the respective jamming coverage θJ,i for R = 2 and
L = 1024. The data points are based on at least 2 × 105 in-
dependent samples. The maximum jamming coverage for the
B species, i.e., θJ,B for F = ∞ is represented by the vertical
dashed line.

obtain {
θJc,A = 0.483(1),

θJc,B = 0.599(1),

while for R = 3, {
θJc,A = 0.413(1),

θJc,B = 0.628(1).

It is noticeable from Figs. 5 and 6 that the curve for the
spanning probability of species A shifts towards smaller
value of the coverage of A as R increases. One could ex-
pect the opposite scenario, as the presence of large B par-
ticles might hinder the growth of the largest component
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FIG. 6. Spanning probability Πi(F,L) for species i as a func-
tion of the respective jamming coverage θJ,i for R = 3 and
L = 1024. The data points are based on at least 105 inde-
pendent samples. The maximum jamming coverage for the
B species, i.e., θJ,B for F = ∞ is represented by the vertical
dashed line.

of A species, requiring more A particles for it to perco-
late. However, the presence of B-particles also limits the
regions where A-particles can absorb. The obtained re-
sult suggests that this helps to obtain a spanning cluster
of A-particles for lower values of the coverage. We dis-
cuss in the next section in more detail how the presence
of large B-particles might favor percolation of monomers
(A-particles).

B. Percolation of monomers

We now focus on the percolation of monomers (A-
particles). So far, we have only studied the jammed state
configuration. However, in general, the percolation tran-
sition is expected to occur before jamming. Since, for
F < Fc,A(R), the A-particles always percolate in the
jammed state, for all values of F < Fc,A(R) there exist
a critical value of the coverage θc,A for which the largest
component of A-particles percolate.

Numerically, the percolation threshold θc,A(F,R) for
a given value of F and R is determined in the following
way. We start from an initially empty lattice and sim-
ulate the kinetics of adsorption until a spanning cluster
of A particles emerges. We identify such a cluster using
the Newman-Ziff algorithm [61, 62]. In Fig. 7 we plot
θc,A(F,R) as a function of the relative flux F for four
different values of R, namely, 2, 3, 4, and 5. For R=1,
θc,A = pc for all values of F < Fc,A, where pc is the
percolation threshold on a square lattice. For R > 1,
it is observed that even the presence of a small fraction
of B-particles favors the percolation of A-particles (lower
percolation threshold) and, as F increases, the percola-
tion transition occurs even at a lower threshold cover-
age (Fig. 7). This effect becomes more pronounced the
higher the value of R. The monotonic decay of the curve
of θc,A(F,R) with F for a specific value of R is described
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FIG. 7. Percolation threshold θc,A(F,R) of A-particles as a
function of the relative flux F for R = 2, 3, 4, and 5. The
data points are for L = 1024 and averaged over (at least)
2 × 105 independent samples. The black solid lines are fits
using Eq. 4.
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FIG. 8. Percolation threshold θc,A(F,R) of A particles as a
function of the aspect ratio R for F = 0.3, 0.6, and 0.9. The
values are obtained for L = 1024 and averaged over (at least)
2× 105 independent samples. The black solid lines represent
the fit of the data using the functional form of Eq. 2
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by the following functional form:

θc,A(F,R) =
d1

(d2 + F )d3
, (4)

where d1, d2, and d3 are fitting constants. The best fit
of the data correspond to d1 = 0.5256(3), 0.5009(4),
0.4883(6), and 0.4801(8); d2 = 0.288(1), 0.208(1),
0.184(1), and 0.172(1); and d3 = 0.096(1), 0.107(1),
0.114(1), and 0.120(2) for R = 2, 3, 4, and 5, respec-
tively.

Fig. 7 also suggests that the distance between two con-
secutive curves becomes smaller as R is increased. This
indicates that for a infinitely large system, θc,A(F,R) sat-
urates to a F dependent constant value as R → ∞. To
verify this, we plot θc,A(F,R) as a function of R for three
different values of F in Fig. 8. Using the same functional
form as in Eq. 2, we fit the data for all three values of F ,
which yields θc,A(F,∞) = c1 = 0.493(1), 0.451(1), and

0.427(2) for F = 0.3, 0.6, and 0.9, respectively.
Finally, to verify the universality class of the percola-

tion transition, we have estimated the correlation length
exponent (ν), the fractal dimension of the largest cluster
(df ), and the exponent (dl) associated with the shortest
path. For small R these exponents are very much consis-
tent with the known values of the ordinary percolation
exponents in two dimensions. For large value of R (e.g.,
R = 30), though a slight deviation in the critical expo-
nents values are observed numerically, they systemati-
cally converge with the lattice size towards the expected
values for uncorrelated percolation. Therefore, we con-
clude that the model falls into the universality class of
ordinary percolation for all model parameters.

V. CONCLUSION

We have studied the random sequential adsorption of a
binary mixture of hard-core particles on the square lattice
using Monte Carlo simulations. Adsorbing monomers
and square-shaped particles with varying aspect ratio R
and relative flux F , the jamming and percolation prop-
erties have been investigated in the limit of irreversible
adsorption.

The jamming coverage θJ,B(F,R) of the larger particles
has been calculated for different values of R ranging from
2 to 20. We find that it decays with increasing R, which
is well described by the relation given in Eq. 2 for a fixed
F . The critical exponent νJ characterizing the jamming
transition is found to be unitary in two dimensions.

In the jammed state, the largest connected component
of monomers undergoes a percolation transition for all
finite values of R for all values of F < Fc,A. Above
that value, for R < 4, are the B-particles that perco-
late. A phase diagram is constructed on the F -R plane
(Fig. 4) showing clearly the regions of the percolating and
non-percolating phases of monomers and squares in the
mixture. During the kinetics of adsorption, the largest
cluster of monomers in the mixture first percolates at
a threshold value of its coverage θc,A, which is lower
than the value pc of the site percolation threshold on
the square lattice. Moreover, the percolation threshold
θc,A decreases monotonically as the size or the flux of the
deposited squares is increased. Thus, in the presence of
a second species, the percolation of monomers might be
favored for a broad range of model parameters. Corre-
spondingly, with competitive adsorption, it is possible to
form a conducting monolayer with variable conductance
which might find importance for potential engineering
applications.

The natural extension of this work would be to explore
the effect of geometry and dimensionality of the substrate
by considering the binary mixture with varying shapes
and/or sizes of the depositing particles.
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